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Suggested Solution to Test 1

1. (a) Note f ′(z) = ux + ivx = 0, so ux = vx = 0. By the Cauchy Riemann Equations, vy = ux = 0

and vx = −uy = 0. ux = uy = vx = vy = 0 for all (x, y) ∈ R2 and so u and v are constant

functions. Therefore, f(z) is a constant function.

(b) Let f(z) = cos2 z + sin2 z. Then f ′(z) = −2 cos z sin z + 2 sin z cos z = 0 for all z ∈ C, and so

f(z) is a constant function. Note that f(0) = 1, so f(z) ≡ 1.

2. (a) Note that sin z =
eiz − e−iz

2i
and cos z =

eiz + e−iz

2
.

sin z + cos z = 2

eiz − e−iz

2i
+
eiz + e−iz

2
= 2

(1 + i)(eiz)2 − 4ieiz + (i− 1) = 0

eiz =
2±
√

2

2
+ i

2±
√

2
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z =
π

4
+ 2kπ − i ln(

√
2± 1) where k is an integer.

(b) Let z = x+ iy, then

Log(ez) = 2

Log(ex+iy) = 2

ln ex + iArg(ex+iy) = 2 + i(0)

x+ iArg(ex+iy) = 2 + i(0)

Therefore, x = 2 and y = 2kπ where k is an integer.

3. Length of C = 4π and |ez| = eRe(z) ≤ e2.

z lies on C implies z2 + 1 lies on the circle {|z − 1| = 4}, so

|z2 + 1| ≥ 3

1

|z2 + 1|
≤ 1

3

By ML-estimate,

∣∣∣∣∫
C

ez

z2 + 1
dz

∣∣∣∣ ≤ 4πe2

3
.

4. (a) f(z) = f(x+ iy) = u(x, y) + iv(x, y) =
√
|xy|+ i0, so u(x, y) =

√
|xy| and v(x, y) = 0.

ux(0, 0) = lim
δx→0

u(4x, 0)− u(0, 0)

4x

= lim
4x→0

√
|4x · 0|
4x

= 0

= vy(0, 0)

1



and

uy(0, 0) = lim
4y→0

u(4y, 0)− u(0, 0)

4y

= lim
4y→0

√
|4y · 0|
4y

= 0

= −vx(0, 0)

Therefore, the Cauchy Riemann equations are satisfied at the point z = 0

(b) If f(z) is differentiable at z = 0, then f ′(0) = ux(0, 0) + ivx(0, 0) = 0.

However, we consider 4z = t+ it, where t > 0, then

lim
4z→0

f(0 +4z)− f(0)

4z
= lim

t→0+

√
|it2|

t+ it

=
1

1 + i
6= 0

Therefore, f is not differentiable at z = 0.
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